Constraints on the tension and the abundance of cosmic strings depend crucially on the rate at which they decay into particles and gravitational radiation. We study the decay of cosmic string loops in the Abelian-Higgs model by performing field theory simulations of loop formation and evolution. We find that our set of string loops emit particle radiation primarily due to kink collisions, and that their decay time due to these losses is proportional to L p with p ≈ 2 where L is the loop length. In contrast, the decay time to gravitational radiation scales in proportion to L, and we conclude that particle emission is the primary energy loss mechanism for loops smaller than a critical length scale, while gravitational losses dominate for larger loops.
Constraints on the tension and the abundance of cosmic strings depend crucially on the rate at which they decay into particles and gravitational radiation. We study the decay of cosmic string loops in the Abelian-Higgs model by performing field theory simulations of loop formation and evolution. We find that our set of string loops emit particle radiation primarily due to kink collisions, and that their decay time due to these losses is proportional to L p with p ≈ 2 where L is the loop length. In contrast, the decay time to gravitational radiation scales in proportion to L, and we conclude that particle emission is the primary energy loss mechanism for loops smaller than a critical length scale, while gravitational losses dominate for larger loops.
High energy particle physics models often predict the existence of cosmic strings [1] and much effort is being devoted to detect these remnants. Detection strategies are mostly focused on the gravitational effects of strings as the string tension can be quite large and, in the current LIGO era, gravitational wave emission provides a promising observational handle on cosmic strings [2] . If cosmic strings decay primarily into gravitational radiation, the tightest constraints on the cosmic string tension, µ, comes from the millisecond pulsar timing array [3] and gives the bound Gµ 10 −10 where G is Newton's gravitational constant [2, 4] . However, gravitational wave bounds only apply if string loops primarily decay due to gravitational radiation emission. Indeed, field theory simulations of string networks, in contrast to simulations that treat strings as zero-width objects (also called "Nambu-Goto strings") [5] [6] [7] [8] [9] , suggest that loops primarily decay into particle radiation [10] , potentially leading to a new paradigm for cosmic string evolution in which the gravitational wave bounds do not apply. Thus it is critical to examine particle emission by cosmic string loops and to determine their primary decay mode. Previous studies of the particle radiation from cosmic strings included analytical estimates [11] , some based on effective couplings of zero-width strings to other fields [12, 13] , field theory simulations of standing waves, kinks and cusps on long strings [14, 15] and simulations of strings with small oscillations [10, 16] . In this work, for the first time, we directly examine the decay of a single loop of cosmic string to particle radiation in the Abelian-Higgs model by simulating loop formation followed by evolution in full field theory. The focus on a single loop is to be contrasted with the very large field theory simulations of an entire network of strings in an expanding spacetime [10, 17] .
Our results are summarized as follows. Cosmic string loops emit particle radiation mainly due to special fea-tures on the strings known as kinks and cusps [1] . The half-life of a loop due to particle radiation is proportional to L p , where L is the length of the loop and p ≈ 2 for the set of loops we have considered. On the other hand, the half-life of a loop due to gravitational wave emission is known to be proportional to L. Thus, there is a crossover from particle-decay to gravitational-decay roughly given by L * ∼ w/Gµ where w ∼ µ −1/2 is the width of the string. For L < L * , loops decay by particle emission, while for L > L * gravitational emission dominates. We will discuss caveats and the implications of this result in more detail below, where we also discuss values of p that might arise for loops other than those we have directly simulated.
We consider the Abelian-Higgs field theory with a complex scalar field, φ = φ 1 + iφ 2 , and a U(1) gauge field, A µ . We work in the temporal gauge, A 0 = 0, and the field equations of motion are
where a = 1, 2, ab is the Levi-Civita tensor with 12 = 1, F 0i = ∂ t A i in the temporal gauge, λ and e are coupling constants, Γ ≡ ∂ i A i , and g 2 p is a parameter introduced for numerical stability [18] .
Topological string solutions in the Abelian-Higgs model were found in Ref. [19] . The solution for a straight string along the z−axis is,
where r = x 2 + y 2 , θ = tan −1 (y/x), and f (r) and v(r) are string profile functions that vanish at the origin and asymptote to 1, respectively. The string energy per unit Four straight strings are set up with velocities as shown. The strings intersect and reconnect to produce a central loop and also a second "outer" loop because of periodic boundary conditions. These loops then oscillate and shrink without interacting with each other. By choosing the spacing of the initial strings, we can produce loops of different sizes.
length (also its tension) is given by µ = πη 2 F (β) where β ≡ 2λ/e 2 and F is a numerically determined function. In the current work we will only consider β = 1. Since F (1) = 1, µ = πη 2 . Also the scalar mass, m S = √ 2λη, equals the vector mass, m V = eη, in this so-called BPS (Bogomol'nyi-Prasad-Sommerfield limit [20, 21] ) case.
Our aim is to produce a loop as might be produced in a cosmological setting and then to evolve it. For this purpose, we set up initial conditions with four straight strings that are moving with velocities ±v 1 and ±v 2 as shown schematically in Fig. 1 . The four strings then collide to form a loop with a stationary center of mass and a non-zero angular momentum. The latter is essential to prevent the loop from simply collapsing to a double line. The preparation of this initial configuration is reasonably involved, since the string solution of Eq. (4) needs to be oriented along different directions, then boosted to a suitable velocity, gauge transformed to stay within the temporal gauge, and finally all the four string configurations have to be patched together in a simulation box with periodic boundaries. The relevant details are provided in the Supplemental Material section.
Cosmological strings are expected to be mildly relativistic and we choose |v 1 | = 0.6 and |v 2 | = 0.33. The directions are taken to be (v 1 ) x = 0.4, (v 1 ) y = √ 1 − 0.4 2 ≈ 0.92 for the two strings oriented along the z-axis and (v 2 ) z = 0.4, (v 2 ) y ≈ 0.92 for the strings along the x-axis. The strings velocities are approximately aligned along the y-axis, but not exactly, to avoid overly symmetrical loops that tend to pass through a double line configuration and collapse prematurely. We have experimented with a wide range of initial velocities and our main conclusions are independent of the particular choices of these 
parameters.
Once we have set up the initial conditions for fields φ, A µ we evolve them using the discretized version of Eqs. (1)-(3). We use the explicit Crank-Nicholson algorithm with two iterations for the evolution [22] and employ periodic boundary conditions. For the numerical parameter we use g 2 p = 0.75 and we vary the lattice spacing ∆x to study the effects of numerical resolution. We keep the initial string spacing to be a fixed fraction of the simulation box size so that smaller loops run in a smaller box, with less computational cost. We also set e = 1, λ = 1/2, η = 1.
Because of periodic boundary conditions, the reconnection of four strings produces two loops -the central loop in the middle of the box shown in Fig. 1 , and an "outer" loop formed from the "fragments" in the corners of the box. The two loops then oscillate and decay without intersecting each other. We track the energy in a loop by summing the energy density in the "core" of the string. The energy density is given by
where E and B are the electric and magnetic field vectors, respectively, with their components defined as E i = F 0i and B i = − 1 2 ijk F jk . We define the string core to be the cells where the magnitude of the scalar field, |φ|, is less than 0.9η.
In Fig. 2 we plot the loop energy vs time for a simulation on a 600 3 lattice with ∆x = 0.25, where the initial size of the loop is 390 lattice spacings. (The animation of the loop evolution can be found at [23] .) The plot suggests episodic radiation, with the overlaid snapshots showing the representative "events" leading to drops in the loop energy. Straight strings do not radiate as they correspond to a boosted string solution. The kinks on the loop, formed at the intercommutation of the straight strings, also propagate with minimal energy loss. We find that noticeable radiation is produced when kinks collide. Also, as the kinks smooth out, there are episodes of large radiation which may be due to the formation of weak cusps. Particle radiation from cusps has been studied in Ref. [14] where it is found that the energy emission from a cusp leads to the formation of kinks and to weak cusps in subsequent loop oscillations. The pattern of episodic radiation from kink collisions and weak cusps, with relatively minor energy loss in between these events, is common to all loop simulations we have performed.
To obtain a quantitative measure of the scaling of the loop half-life with its size, we have runs simulations for 4 different box sizes yielding 8 loops given in Table I . (Two loops from different runs are almost the same length and provide a check on our simulation.) Fig. 3 shows the loop energy versus time for the 8 loops. As the loops evolve, they also shed their angular momentum, defined as
In Fig. 4 we plot |L| vs time and also see episodic decay. We have run our simulations for a few different values of the lattice spacing, ∆x, and found that the results are sensitive to the resolution. For example, as shown in Fig. 5 , the total energy in the simulation box over the entire run is conserved only at ∼ 33% level when ∆x = 0.50. Recall that we have set η = 1, e = 1, λ = 1/2 and so the string width is ∼ 1. Therefore with ∆x = 0.5 we only have a few lattice points within the width of the string. The run with ∆x = 0.25 gives better conservation, to ∼ 5% level and agrees quite well with the much more computationally expensive run with ∆x = 0.125. The choice of ∆x makes an important difference in the lifetime of the loop, as is clear from the right panel of Fig. 5 . Loops live longer when the simulation resolution is better. By examining animations of the loops we see that the shorter loops live for about one oscillation period while the larger loops survive for several oscillation periods. (There is ambiguity in defining an oscillation period since the length of the loop and hence its oscillation period is changing relatively rapidly during the simulation.)
The longest loop we are able to simulate has energy ∼ 3×10 3 , which corresponds to length L ∼ 10 3 w where w is the width of the string. In cosmology we are interested in loops whose length can be comparable to the cosmic horizon, t, which is orders of magnitude larger than the thickness of the string, perhaps even by a factor ∼ 10 60 . So we need to extrapolate our results to larger lengths. For this purpose we calculate the half-life, τ , of the loops in our simulations -the time taken for the loop to lose half its initial energy. We normalize this by the half-life of the smallest loop in our simulations, τ 0 = 41.5/η. In Fig. 6 we plot τ /τ 0 versus the initial energy of the loop normalized by the energy of the smallest loop (denoted E 0 = 506η) on a log-log scale. We find a power law fit,
where we have reinserted dimensional factors of η. The L 2 scaling in (7) can be understood as following from radiation being due to episodes involving a fixed number of features (kinks and weak cusps) on the loop, with the power emitted in a given episode (a kink collision or a weak cusp) being independent of L. (Note that the size of the steps seen in Fig. 3 is similar for different loops). If ν denotes the number of episodes per period and each episode radiates energy on average, the energy lost per unit time isĖ
Integration of this equation gives a lifetime
in agreement with the L 2 scaling in (7) .
The particle radiation rate (8) is to be contrasted witḣ E ∼ νGµ 2 expected due to gravitational wave radiation from ν radiation episodes involving kinks and cusps [24] [25] [26] . Note that the rate of energy loss to gravitational radiation is not suppressed by a factor of L as is the case for particle radiation in (8) . This is because, for example, a cusp on a loop that is twice as large is also twice as large, and the gravitational energy emitted by a single cusp is proportional to L. Then the lifetime of the loop due to gravitational radiation is
Comparing this to (9) allows us to derive a criterion for when the gravitational radiation is more important than particle radiation, namely, when
where we estimate ∼ √ µ, i.e. the particle energy emitted in an episode is comparable to the energy scale of the string, and l P ∼ 10 −33 cm is the Planck length. Note that the number of episodes, ν, has canceled out in (11) . Therefore even if the number of episodes is larger on larger loops, gravitational radiation still dominates over particle radiation if (11) is satisfied. With L ∼ 10 27 cm we find that gravitational radiation is never more important than particle radiation if Gµ 10 −40 which corresponds to η ∼ 100 MeV or the QCD scale. Hence particle radiation could be the dominant decay mechanism for strings formed below the QCD scale but the dynamics of cosmic strings formed at such low energy scales is expected to be dominated by friction with the ambient medium [1] .
Alternately, we can consider strings close to the current bound on the string tension, Gµ ≈ 10 −11 . From Eq. (11), particle radiation from such strings will only be important for loops that are very small, L < 10 −17 cm. Most of the radiation from such a network of strings will be in gravitational waves.
We would like to point out some caveats to the above discussion. The first caveat is that the long strings in our initial conditions are straight and smooth. If these strings started out with structure (perhaps as shallow kinks) on them, as has been suggested in Ref. [17] , the number of radiative episodes would be larger, and both the particle and gravitational radiation would be larger. This would not change the relative importance of particle and gravitational radiation but it would mean that the loop decays faster. A second caveat is that our loops only contain kinks and no cusps. It is known from Ref. [14] that the radiation loss from a cusp is proportional to √ L and this does not agree with our model where each episode emits radiation that is independent of L. However, once the cusp radiates, it forms two kinks that then propagate, radiate and smooth out to some extent. In the next oscillation, the cusp is weaker and the energy radiated will not be proportional to √ L, instead it will be proportional to some power of L smaller than 1/2. Thus with cusps we expect that the effective value of p will satisfy 1 < p < 3/2, and Eq. (11) will get modified. Even then there will be a critical loop length such that gravitational emission dominates over particle radiation for larger loops. A third caveat is that since our initial strings were straight, there was no radiation while the kinks propagate on the straight segments. If, however, the segments are curved, there will be some radiation even from a propagating kink. This radiation would not be episodic but it would be suppressed by the curvature of the segment, expected to be suppressed by the loop size divided by the cosmic horizon scale.
To summarize, we have studied the formation and evolution of a set of loops of cosmic string in field theory and estimated their lifetimes. On a technical note, we find that the lifetime of our set of loops is very sensitive to the resolution used in their numerical evolution. With insufficient resolution, the loops collapse within one oscillation period. At higher resolution, the loops survive for a few oscillation periods and we observe that their lifetime grows as L 2 . We can explain this growth in terms of episodic particle radiation. When compared to gravitational energy losses, we find that gravitational radiation dominates for loops that are larger than a critical length (see Eq. (11)).
We 
Supplemental Material
In this Section, we describe the steps involved in setting up the initial configuration of fields in our simulation. First, we numerically find a solution for a static, infinite, straight string by substituting the Nielsen-Olesen ansatz (4) into the equations of motion and solving for the profile functions f (r) and v(r) using the relaxation method. We then use cubic spline interpolation to obtain smooth functions f (r) and v(r) and their derivatives.
To build a cosmic string loop we consider a stringantistring pair along the z-direction and another along the x-direction in a simulation box with periodic boundary conditions (PBC). We then Lorentz boost the strings and antistrings so that they are moving towards each other as shown in Fig. 1 . Since the evolution equations (3) are in the temporal gauge, we must gauge transform the boosted string solutions to set the temporal component of the gauge field to zero. Namely, we find a gauge transform U = e ieξ such that
where A µ is in the temporal gauge andĀ µ is the field after the Lorentz boost. From (12), we have ∂ t ξ = −Ā 0 and ξ can be evaluated as
At initial time t = 0, this gives ξ = 0. Similarly ∂ i ξ| t=0 = 0. Hence, at the initial time, we have
where all functions are evaluated at t = 0. Note that the initial value of the scalar field is unaffected by the gauge transformation since exp(ieξ) = 1 when ξ = 0.
To solve the equations of motion we also need ∂ t A µ and ∂ t φ at the initial time. We have
where all functions are evaluated at t = 0.
To combine the string and anti-string solutions, we take the ansatz given by [1] φ ss = φ s φs η = |φ s ||φs| η e i(θs−θs) ,
A ss = A s − As.
To be consistent with the PBC, the phase of φ ss must approach zero at the boundaries of the box. While in (20) the phase approaches zero asymptotically at infinity, it does not do so in a finite simulation box. Thus, we modified the ansatz to make the phase approach zero faster:
φ ss,mod = |φ s ||φs| η e i(θs−θs)[1−tanh (ω(ρ−L/2))]/2 ,
where ω, taken to be 0.5, is a parameter that determines how quickly the phase approaches to 0 at the boundaries, and L is the size of the box. Finally, the scalar and gauge fields of the two sets of a parallel string-antistring pair are given as φ = φ ss,1 φ ss,2 η ,
where φ ss,1 , A ss,1 and φ ss,2 , A ss,2 are the scalar and gauge fields of the first and second string -anti-string pairs, respectively.
